Abstract. Suppose that F : B k → Bm is an inner map and that G ∈ H ∞ (Bm) n . We show that the identity
Introduction
Let The question to be studied in this paper is the following: Suppose that the maps F : B k → B m and G : B m → B n are inner.
Is G • F an inner map?
If F is an inner function (i.e., m = 1), then it is well known that the composition G • F is inner; cf.
[9], Theorem 17.5. But if m ≥ 2, then the situation is different: There are inner maps F, G such that G • F is not inner; cf. [9] , Remark 17.6. If F is measure preserving in the sense that the Borel measure σ
satisfies σ F * k = σ m , then it was shown in [5] that G•F is inner. This solves Problem 5 posed by Walter Rudin in [9] . It was pointed out by the referee of this paper that another solution of Rudin's original problem is contained in [4] .
First we demonstrate that the use of composition operators allows a more transparent proof of the result from [5] , and at the same time we extend this result to a more general setting: 
are densely defined closed linear operators such that
holds for all h in the ball algebra
is dense, C F is bounded if and only if C F * is bounded. In general, composition operators are not bounded (cf. [3] ), but if F is measure preserving, then C F * is bounded (even isometric).
Theorem 1.2. Suppose that
It should be remarked that the assumption σ
2 is superfluous because it is automatically satisfied if C F is bounded. For completeness we have included a discussion of bounded composition operators in the third section of this paper.
If we replace the Euclidian unit balls in Theorem 1.2 by bounded strictly pseudoconvex domains with smooth boundaries and inner maps by holomorphic maps
, then the same proof can be used to obtain a corresponding result. We refer to [10] , [11] for the definition and the relevant properties of Hardy spaces over smoothly bounded domains.
In this paper, we present an operator theoretic approach to the composition problem for inner maps. It turns out that the necessary compatibility condition σ
No further assumptions are required. If the compatibility condition is omitted, then this identity remains valid with G * replaced by an abstract boundary value r(G). We refer to the following section for the definition of the boundary map r.
1. The identity
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If in the situation of Theorem 1.3 the map G is inner, then clearly (1.2) implies that G • F is inner. In the case m = 1 the condition σ 1
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Proof of Theorem 1.3
This section constitutes the proof of Theorem 1.3. We suppose that
is an inner map. For brevity, we set in the sequel µ = σ 
is a weak * -continuous C * -algebra homomorphism such that
Proof. We only have to prove the continuity of the mapping under consideration and this follows easily if we show that the operator
be the expectation operator as constructed in [2] , Proposition VII.2.8. Thus, T is a bounded linear operator such that
This identity shows that S = T * is the Banach space adjoint of T and in particular T * is weak * -continuous. 
Proof. If (h i ) is a sequence in
As a Henkin measure, µ is a closed measure in the sense of [1] , Section XI.4. More precisely, by Henkin's theorem (Theorem 9.3.1 in [8] ) it follows that w
is sequentially weak * -compact, one obtains a well-defined linear mapping r :
It is an elementary exercise to show that r :
is the unique weak * -continuous algebra homomorphism with
For the proof of the second part of Theorem 1.3 we need one more elementary
Proof. Let h be the Radon-Nikodym derivative of µ with respect to σ m . Then the operator of multiplication with h
is well defined, isometric and its Banach space adjoint is the mapping under consideration. 
is an H ∞ -functional calculus of M F * . By this we mean a weak * -continuous algebra homomorphism such that (2.1) holds. On the other hand, it is easy to see that the mapping 
and the first part of Theorem 1.3 is proved.
In order to prove the second part of Theorem 1.3 let us assume that µ = σ
Together with (1.1) this settles (1.2) and the proof of Theorem 1.3 is complete.
Bounded composition operators
In this section we study the connection between the boundedness of a composition operator C F and the absolute continuity of the image measure µ = σ 
A proof of Lemma 3.1 can be found in [6] , Lemma 1.6.
holds for all Borel subsets A of S m .
Proof. Let A ⊆ S m be a measurable subset and let 0 < ε < 1. We define a measurable function ϕ : S m → R with ε ≤ ϕ ≤ 1 by
In the case of equal dimensions, that is, k = m, it is well known that the boundedness of C F implies the absolute continuity of σ F * k , cf. Corollary 3.38 in [3] . The methods presented in this section will work in a more general situation, as well. The balls B k and B m can be replaced by bounded domains Ω 1 ⊂ C k and Ω 2 ⊂ C m with C 2 -boundaries bΩ 1 and bΩ 2 . It is enough to assume that Ω 2 is strictly pseudoconvex, in order to ensure the validity of Lemma 3.1. In this context, an inner map F : B k → B m has to be replaced by a holomorphic map F : Ω 1 → Ω 2 with F * (z) ∈ bΩ 2 for almost all z ∈ bΩ 1 .
Remarks
Although we shall not use the following observations in the present paper, they might be of independent interest. If 
